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Summary: A method is presented for the numerical solution of the full nonlinear problem of waves propagating steadily over a
flat bed. In recent years if high accuracy has been required the problem has been solved by methods involving Fourier approximation. For very long waves, such Fourier methods become inefficient. This paper introduces a similar numerical method, but
where approximation is in terms of elliptic en functions rather than trigonometric functions, as suggested by conventional cnoidal theory. Results are presented which show that the method is accurate for waves longer than some eight times the water depth,
and treats very long waves apparently without difficulty. As the theoretical highest waves are approached, the accuracy
decreases to an approximate engineering accuracy. However this limit is unlikely to be reached in practice, and the method
should provide an accurate and convenient method for all practically-possible long waves and, with some more development
work, possibly short ones as well.
1. INTRODUCTION
A convenient wave model for many applications in coastal
and ocean engineering is that of a periodic wave train propagating steadily without change of form in water of constant
depth. There are three main approaches to solving this problem accurately. The first is to use a Stokes theory, which is
based on Fourier representation of the wave, but where the
coefficients are found by series expansions in terms of the
ratio of wave height to length. To lowest order this yields
linear wave theory. It has been shown ([1]) that results from
these are of surprisingly high accuracy provided the waves
are not too long relative to the depth. The second approach,
more suited to shallow water, is to use a cnoidal theory,
where the name comes from the Jacobian elliptic en functions which are used, and is based on an assumption that the
wave motion is long relative to the depth,. The approach of
conventional cnoidal theory is to express the expansions in
terms of the ratio of wave height to water depth. Results for
fluid velocity have been shown to be erratic, ([2]). In [1] it
has, however, been shown that results from cnoidal theory
are also of surprisingly high accuracy if, instead of being
converted to series in terms of wave height to depth, the
series are expressed in terms of shallowness, the ratio of
water depth to wave length. However, for very high waves
and for shorter waves, even the modified cnoidal theory
becomes inaccurate.
For reliable and highly accurate solutions, numerical
solution of the resulting nonlinear system of equations has
become the preferred method of solution. To date, these
methods have used Fourier approximation, but where the
coefficients are found numerically instead of using perturbation expansions (see, for example, [3]). One disadvantage of
these methods is that they are not so efficient for long
waves, the Fourier approximation suffering from having to

approximate both the short rapidly varying crest and the long
trough where very little is changing, so that large numbers of
terms and computational points are necessary, which can be
very demanding, as matrix solution methods are necessary.
This paper describes a new theory which occupies an obvious gap in the different approaches described above: it
solves the full nonlinear equations numerically, but uses
cnoidal functions as the fundamental means of approximation, so that very long waves can be treated without any
special methods. It is found that the method can be used for
waves whose length is greater than eight times the water
depth, and gives highly accurate results for all waves longer
than this. For physically-realisable wave heights it is very
accurate, but if the wave height is approaching that of the
theoretical maximum, when the accuracy downgrades to
approximate engineering accuracy. The method is still under
development; it has not yet been extended to the case where
the wave period instead of wavelength is specified.
2. THEORY

necessarily limits its accuracy to long waves. In the preparation of this paper, for the initial conditions only cnoidal
theory was used, and it was not accurate enough for waves
shorter than this example. If Stokes theory could be modified to provide the initial conditions, there is no reason why
the present method could not be used for considerably
shorter waves.
Figure 3 shows the results for a long wave, of Hid = 0.55
(the maximum practical height, [5]), and X/d = 30. This
wave is sufficiently long that the Fourier method is beginning to be tested considerably, yet it is capable of giving
results provided sufficient numbers of Fourier terms are
taken and the user waits long enough. It can be seen that the
present numerical cnoidal theory is also capable of high
accuracy, as demonstrated by the close agreement between
the two very different theories. It used much smaller computing resources, typically involving the solution of systems of
25 equations compared with 70 equations for the Fourier
method.
Figure 4 shows the behaviour of the numerical cnoidal
method for very high waves. The Fourier method was at the
limits of its powers for this problem, requiring 14 steps in
height for the method to converge. Results from the numerical cnoidal theory for N= 7, 8 and 9 show certain irregularities, and the method was having trouble converging for this
wave, which is closer to the theoretical maximum for waves
of that length. Although the method shows difficulty with
convergence, it does yield results of engineering accuracy.

